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Abstract

In this paper, we investigate the initial boundary value problem of the viscoelastic Kirchhoff-type equations with
memory and delay terms. We investigate the initial boundary value problem of viscoelastic Kirchhoff-type
equations with memory and delay terms. The analysis assumes relatively weak conditions for the relaxation
function g. This paper introduces a new framework for analyzing decay properties under weaker conditions,
improving upon previous results in the literature. Finally, we prove that the system energy exhibits exponential
and polynomial decay rates, which depend on the behavior of the relaxation function g. This provides new insights
into the energy decay properties of Kirchhoff-type viscoelastic wave equations under weaker conditions on the
relaxation function, and provides a valuable technical framework for exploring the decay properties of more
complex partial differential equations.

Keywords: viscoelastic kirchhoff-type equations, uniform decay, viscoelastic damping, time delay, relaxation
function

1. Introduction to the Problem and Background

The present paper provides a detailed analysis of viscoelastic Kirchhoff-type equations, considering memory
effects and time-varying delays:

et — ;‘|I(HVU.H2)Au + fotg (t —s) Au(s) ds + pyug(x, t) + poug(x, t — 7(t)) = 0,

(z.1) € 2 x (0, +00),

w(z,t) =0, (x,t) €92 x (0, 400), (1.1)

w(r,0) =ug(x), w(r,0)=u(z), =€l

w(z,t) = folz,t), =€, tel-7(0),0).
where M(IIVull?) represents the nonlinear elastic response of the material, depending on the inherent characteristics
of the material. M(s) = 1+, y, s > 0, and Q € R"(n > 1) is a bounded domain with smooth boundary 0Q. ¢(t) is a
monotonically decreasing positive function physically signifies that the memory effect in viscoelastic materials

weakens over time. The term fot g(t—s)Au(s) ds represents the viscoelastic damping term, reflecting the material’s

memory effect. uil(x, t) represents the frictional damping in the model, which used to capture the mechanism of
energy dissipation. uou; (X, t—(t)) represents the delayed damping term, which describes the system’s response due
to delayed feedback. z(t) denotes the time delay, and w1, u2 are constants. The specific constraints will be provided
with detailed analysis and explanation in the following sections. The boundary condition u(x, t) = 0 describes a
system with fixed boundaries. For example, in the context of vibration analysis, a string or beam with fixed
endpoints is typically modeled with the boundary condition u(x, t)=0 at the endpoints. This condition ensures that
the displacement of the string or beam is zero at the fixed points, which realistically reflects how materials are
often constrained in engineering applications, such as in musical instruments or structural components. uo, U and
fo are the given initial conditions.
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Viscoelastic systems have long been studied for their ability to model complex physical phenomena involving
memory and delay effects. While prior studies imposed strong conditions on the relaxation function, this paper
seeks to relax these assumptions, providing broader applicability. There are various specific forms of the study of
Kirchhoff-type viscoelastic equations. For a comprehensive overview, please refer to [1-5, 7, 8, 10-12]. In the
study of viscoelastic equations, the occurrence of time delay is a recurring and critical phenomenon. The control
problem of partial differential equations with time delay effects plays an important role in real-world applications,
as time delay phenomena are present in many physical, engineering, and biological systems. Many researchers add
time-delay frictional damping terms to Kirchhoff-type viscoelastic equations in order to study the problems in
greater detail. Relevant references can be found in [4, 8, 10, 11].

In the study of problems without viscoelastic damping terms, early research has established numerous results on
global existence, decay behavior, and blow-up phenomena. For example, equations of the following form:

U —M(IVl|2)Au + hu) = F(u).

When M = 1 and with the presence of the viscoelastic damping term, X.G. Yang [6] studied the stability of a class
of nonlinear viscoelastic systems with time delay terms

t
y — Au +f g(t —s)Au(s) ds + prug(x,t) + pou(z, t — 7(t)) = h(x)
0
Yang [6] established exponential decay under stringent conditions. By contrast, our work aims to achieve similar
results with weaker assumptions.

In the study of the uniform decay properties of Kirchhoff-type viscoelastic equations, imposing stronger
restrictions on the relaxation function leads to more stringent criteria for selecting viscoelastic materials in the
system. Relaxing these restrictions appropriately holds significant importance for advancing the understanding of
viscoelastic systems. K. Daewook [4] studied the uniform decay properties of Kirchhoff-type energy

t
thyy — Jf(HVUH%)AU + / h(t — s)div[a(x)Vu(r)] dr + |u|"u
0
+pqug () + poug(z, t — s(t)) = 0.

The system model describes the axial motion of viscoelastic materials, where under the restrictions on the
relaxation function such that —&;<h'(t)<—&h () and 0<h''(1)<E3h(1), it is shown that the system energy exhibits an
exponential decay form.

In a class of weakly damped viscoelastic Kirchhoff-type wave equations, J. B. Zuo [10] and others studied a model

with Balakrishn"an-Taylor damping and variable exponent nonlinear time delay terms
t
Uy — JI(HVU\@)Au + c’t(i‘)f g (t—s)Au(s) ds+ py |u(t — 7))
0

g Jue(t — ()P gt — 7(1)) = 0.
The restriction on the relaxation function is g'(#) <—&(t)g(t). Under this condition, it is shown that the system energy
exhibits an exponential decay form, rather than a polynomial decay result.

When there is no time-delay friction damping term, E. Piskin [12] and others studied the system.

t
ty — M(||Vul3)Au +f g(t—s)Au(s) ds =uln|ul,

0
the form of the relaxation function restricted here is g'(z7)<—Eg(?), which leads to an exponential decay result for

the system energy.

We study the uniform decay of a class of viscoelastic Kirchhoff-type equations with memory and delay terms,
controlling the relaxation function g(t) under weaker conditions, and investigate its corresponding optimal decay
rate. Yang [6] and Zuo [10] explored stability under different damping conditions, which this work generalizes.
The highlight of this paper is the improvement of earlier decay results, introducing key technical tools, and
optimizing the cumbersome calculations in the process of solving partial differential equations. Our approach
allows for faster derivation of decay results, which was not achievable in earlier works. For the theoretical guidance
related to this study, interested readers can refer to references [21, 22]. The constants C;, C(i) > 0 appearing in the
paper represent some positive constants, with their positions indicating different numerical values.
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2. Uniform Decay Result

This section establishes uniform decay results by constructing energy functionals, applying integral inequalities,
and leveraging Lyapunov techniques. This work utilizes the standard Lebesgue and Sobolev spaces along with
their associated inner products and norms. We impose the following conditions on the relaxation function g(t):

(H1) There exists a positive non-increasing differentiable function &(t), such that the continuously differentiable
function g(t) satisfy the following conditions:

1-— / gls)ds=1>0. ¢(t) < =) g" (). te [l].—oc] .
0

here, 1 <p < 2, which indicates that 0 < | < 1 is a constant.
Remark 2.1. This condition ensures that the relaxation function decays at a controlled rate.

We provide several examples of relaxation functions g(?):

Example 1: When p = 1, the relaxation function is given by g(?) = le™", subject to &) = 1.

Example 2: When p = 1, the relaxation function is given by g(?) W, subject to &(t) = m

Example 3: When 1 < p < 2, the relaxation function is given by g(?) =Cwe—ktp_1

1
_(1-D(P-1)KkP-1 ka(p 1)

P ) , ,subjectto &(t) =

P-1

for k> 0 and Cjy

(H2) Suppose that /(1 — T)u; >p2 > 0 and () € C![0,+00] satisfies the following
relationship:
0<t'(t) <1, t=>0.
These conditions allow us to construct appropriate energy functions based on the structure of system (1.1). The
energy of system (1.1) is defined as:

l t l
E(t) =+ 1—] )ds ) [Vull+ 5 (o 0 Fu) (1)

/f ul(x,t — 7(t)n) dn dr.
@.1)

T3 << T, ( ) (t) ff((f e () = o )Hid
—_ < < 7 . qg o v = — 5 y (s s,
(1= - 1, A9 0 g 2

The coefficient y controls how a material’s stiffness changes with deformation. When y = I, the material behaves

1 2(y+1)

|\_,u\fr'~

where

elastically (linear response). For y > [, the material hardens, becoming stiffer as it deforms, while for y < 1, it
softens, with stiffness decreasing as deformation increases. This parameter significantly impacts the material’s
mechanical response and the design of structures. £ is a positive constant we selected to ensure that

the constructed energy function exhibits a decreasing behavior.

Remark 2.2. If a function f'is equivalent to a function g, it can be denoted as f ~ g, which means there exist positive

constants c; and ¢z > 0 such that: c;f <g <cyf. It can be seen from (HI) that E(t) > 0 and

r~ ||utH2—|—HVuH2 (g o Vu)( ff ul(z,t — 7(t)n) dydr.

Lemma 2.1. Given condition (H1), if the initial conditions satisfy ug € H}(Q) and u; € L*(Q), then the system (1.1)

admits a unique weak solution u, implying that:
w € L(0, 400; (1)), u € L(0, +00; L*(Q))

Remark 2.3. For the proof of existence, interested readers can refer to [13—15]. Lemma 2.1 ensures the existence
of a unique weak solution, providing a foundation for the energy decay analysis.
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Theorem 2.4. If (uy, u;) € H3(Q)xL? (Q) and the conditions (H1)—(H2) are satisfied, hen the energy E(t) of the
solution to system (1.1) satisfies

 If p = 1, then there exists a constant ko > 0, such that

E(f) < CYE(O)GikO Jo &G ds ¢ > 0. (2.2)
* If 1 < p <2, then there exist two constants kj, k2 > 0, such that
, 1
E(t) < CE(0) —., t>0.

(1 b ff(s)ds) =

Remark 2.5. Exponential decay is only effective under the condition of p = 1. Theorem 2.4 provides the specific

2.3)

form of system energy decay, which provides correct theoretical guidance for subsequent research. Theorem 2.4 is
proposed based on the theoretical guidance of previous works, and interested readers can refer to [20].
3. Construction and Proof of the Auxiliary Function
Lemma 3.1. In order to better study the decay behavior of the system, we introduce new variables to replace the
delay term,
z(x, n, ) = udx, t — n(?)),

and z(x, #, ) satisfies the following

zdx, n, t) + (1 — y)zy(x, n, ) = 0.
Proof. zi(x, n, t) is the partial derivative of z(x, #, t) with respect to z. By applying the chain rule of differentiation,

we have

0
w(r,m,t) = %tu.t{r.t —n7(t)) = ug(x, t —nr(t)) - (1 —n7r'(1)).

We take the partial derivative of z(x, #, f) with respect to #,

p
(T n.1) = a—nut(r.f— nT(t)) = —uy(x, t —nr(t)) - 7(1).

We can complete the proof by combining the above expressions.

Lemma 3.2. If u is a solution to equation (1.1), then we have

1
E'(t) < - (/ uf(t)dr—kf f:2(1'.121)(1(1‘(1’1]—0—/:2(1'.1.f) d.z‘)
Q 0o Ja Q
1

+% (g" o Vu) (t) — Sg(r) f |Vu\2d.r.
2 P Q 3.1

Proof. We differentiate the energy function E(f), and using equation (1.1) along with the integration by parts

method, we obtain
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¢
Et) = futuﬂdl /\Vu\ dl+1 (l—f g(s)d.s)fQVu-Vuqu,
0 Q

+HVuH2AfVuVutdz +.§f/ z(x,n. t)z(x n,t)dyde

+ (¢ o Vu) ( // (t—5)2(Vu(t) — Vu(s)) - Vug ds dx

1
/ufuttdr HVHHQ ( f (s) )/Au us d
Q

1 (J o Vu) ( fut_/ (t —s) (Au(t) — Au(s)) dsdx

+HVu\|27fVttVu.fd_quﬁf/ 2w, n, )z (2, n, t) dyde . (3.2)
Q 2Jo

Using equation (1.1) and analyzing the 4, term, we have

t
A = /ut(f)J[(HVuHQ)L\.u(I.z‘) d;r—fu.f/' gt — s)Au(r, s)dsdr
0 o Jo
—,ul[ ul(t) du —,ugf ug(t)z(z, 1, 1) do
o) 9)

¢
= f g () Aw + (1) HVUHQH’ Audr — / ut/ g(t — s)Au(zx, s)dsdx
Q o Jo

—,ul/ ul(t) dx —;Lgf ue(t)z(z, 1,t) dz. (3.3)
o) 9)

By applying Lemma 3.2 to analyze the last term 4>, we obtain

1 " !
,] /l—:]r z(x,n,t) 2z, . t) dr dny
:"ff LT ge2(0)) dr
_§f[ A ]|0f11+ ff (d 17;?‘ ):2(1‘)(17}(1’1

/

1—7
=——3- [] (z, lf)dl‘Jr?’/ dzf

By combining equations (3.2)-(3.4), we arrive at

1 £ 1 —17 .
B = —5o @IVl = n =5 [ adoar -7 [ 26

! 1 ;
_5_] / :2(;1‘: n.t) dx dn — ,ugj ug(t)z(z, 1,t)de + i (g e Vu) ()
21 Jo Ja 0 2 3.5)

The proof of Lemma 3.2 can be completed based on S. Nicaise [19, Proposition 2.4].

Remark 3.1. From this lemma, we can observe that the energy E(t) of the system follows a decreasing trend.
However, the rate of decrease is influenced by the relationship between the parameters u4 of the friction damping
term and u of the delay term in the system.

As

(z,m.t)dxdn. (3.4)

In order to control the potential energy term || V()| in the system energy E(f), we introduce the following auxiliary

function K;(?):

Ky (1) := / wi dx
Q (3.6)

Lemma 3.3. If (H1) — (H2) holds, then we have

97 Published by IDEAS SPREAD



ijas.ideasspread.org International Journal of Applied Science Vol. 7, No. 2; 2024

y ! . .
Ki(t) < =7 IVu @Ol + Co (Il + llus(a.t = ()]

1 ‘ .
- (f g(t — s) |Vu(s) — Vu(t)] ds) de, t>0
20 Ja \UJo
3.7)

where C> > 0 is a positive constant.

Proof. Direct computations, along the solution of (1.1), and applying integration by parts, we get

Ki () :] (uutt + Hf) dx
Q

&
:/ u.?d;r—‘-j-u;UﬂVuQ)Aud-.r—f u/ g (t —s)Au(s)dsdx
Q Q a Jo

—]u,ulu.td.r—‘/upgu.t(.t‘.t—r(t))dr
Q )

t
:f u?d;rfﬂ.[(HVuHQ)/|Vu|2 dIJr]Vu (1) f g(t—s)Vu(s) dsdx
Q Q Q 0

Ay

Az

~

—fu,ulut ({;T—/Il,iigll.z(l‘.t— 7(t)) dx . (3.8)
Q Q

Applying Young’s inequality to estimate the term 43 on the right-hand side of equation (3.8), we obtain

/ /|VU t)* dIJeru(l‘ j (t — 5) (Vu(s) — Vu(l)) dsdx
f (s)ds f|Vu O dr + = /|Vu| dx

Jrl (/ g(t — s) |[Vu(s) — Vu(t)] S) dx
2l Jq
As

¢ 2
< (1 - é) ]ﬂ \Vu(z‘)\2 (1.1‘—0—% A ([0 gt — s) |[Vu(s) — Vu(t)] ds) dr . 3.9

Where the condition fot g(s)ds < fooo g(s)ds =1 —1 has been applied.

By applying Poincaré’s inequality and Young’s inequality to the term 44, we obtain, for any d; > 0, the following

1 1 1 1
3 3 3 2
|As] < 1y (/ u ([1) (/ u? d.r) + [t (f 22z, 1.1‘)({‘1‘) (f 1 a’r)
0 iy Q
3
< ([ U ([1) ( / |Vl dz) + po (]Q 21t d;r) (et} ||Vu\|§
1 1
) 3 ) 2 ) 2
< (Cp] [V ul dr) l('ul,/ u; dr) + (,u,gf 2z, 1, 1) d;r.) ]
Q Q Q
< (51C'p/ [Vul?* dr + L (,ul/ u? dr + Ffif 2z, 1) (h») _ (3.10)
o 20 0 0

By combining (3.8)-(3.10), we arrive at
2y el 1 L y
o=y ) IVuli+ (14 25 ful
_.()l
1

#2 2
=@ L)l

I
K < —waVM

(3.11)

By utilizing the boundedness of || Fil|3?, we know that
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2 i 2 U
[Vully” < (gEu)) < (;Em))

. [ L s 1
K0 < = (5= 8Gy ) IVl + (14 40 ) Bl + 2 st 1.0 +

therefore, we obtain

(3.12)

By choosing 6; = —L in the above inequality (3.12), we complete the proof.
y & 4Cp

Lemma 3.4. The Lyapunov auxiliary function L(t) is constructed for
L(t) = NE(t) + K.(2).
By selecting appropriate constants N > 0 and Cs, C4 > 0 such that C3E(t) < L(f) < C4E(Y), there exists a positive

constant ¢y > 0, we obtain

1
. 1
L'(t) € —¢ (||Vu )15+ Nl +/ f ul(x, t —n7(t)) dx d.r]) + —As.
0 Jo 2 (3.13)

Proof. From the definition of K,(f), it is easy to observe that

|Ki(?)| < CE(2).
Where C is a positive constant, and the detailed proof can be found in [9, Lemma 3.2]. Therefore, we can choose
a sufficiently large N > 1 such that for some constants C3, C; > 0 the inequality C3E(f) < L(f) < C4E(¢) holds.

Furthermore, by combining Lemmas 3.1, 3.2, and 3.3, we can conclude that:

L(T<——||Vu 2 = (CLN = ) ([[uae| 3 + st = 7(0)]]3)

1
N (¢ o Vu) (t) + = As.

i 21

I\J||—‘

Therefore, by choosing N = zcﬁ, The proof of the lemma 3.4 has been completed. Building on this framework, we
1

proceed to establish decay estimation in the next section.
4. Proof of theorem 2.4
The work we have done so far serves as a preparation for proving the uniform decay result of Theorem 2.4. In this
section, we will provide the detailed proof process.
Proof. First, let

5= /t ) h(t) = Bg(t —s) — ¢'(t — s),

©Jo Bals) —d'(s)

where £ > 0 is an undetermined constant.

By using Holder inequality to estimate the term 45, we have

2
= Jo (fo W\/ngf —s)—g'(t—2s) (s) — Vu(t)] ds) dx

(fo mds) Ja fo[jJ (t—s)—¢'(t —s)]|Vu(s Vu(l‘)\‘2 dsdx
< Cg [y h(t—s) ||[Vu(s) — Vu(t)||5 ds
< Cylh o Vu)(t). (11)

By Lemma 3.4 and equation (4.1), we obtain

L'(t) < —¢ (HVU \|Q+Hut\|2 /[ut.rl‘—r )dIdr])

+ ]( "g(h o Vu)(t). (4.2)
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The next step is to continue handling and controlling the term As. To do this, we need to introduce a key auxiliary
function K3(¢), which was first proposed by Jin-Liang-Xiao in [16]. This auxiliary function can help us obtain the
integrability of system energy E(f) on [0,+0).

Ky(t) =7 / O(t — s) [|[Vuls)|; ds + E(t).
JO
Here, &(¢) = |, :0 g(s) ds, and it can be observed that &(0) =f0°° g(s)ds=1 —1<1. According to the references

[16—18], it has the following properties
d

—Is(t) = BO0)||Vult Hﬁ—,j/ (t—s) [ Vu(s)|3 ds + E'(t)
0

dt
s 1 [
< 2..?\|Vu(t)H§73-/ (Bglt —s) — g'(t — ) [[Vu(t) — Vu(s)]3 ds
2Jo
2 1
< 28||Vu(t)|[; - 5(ho Vu)(t). (4.3)

Therefore, we set
¥ Cps .
L(t) = L(t) + T‘I‘g(f).
By combining equations (4.2) and (4.3), we obtain

') < 7( )(”Vu ||,+Hu,|| ff vt —nr(t ))rl"rrh’i).

pCs— 0, f— 0.

As known from [17, page 1525], we have

. . l .
Therefore, by choosing an appropriate value for f = ﬁ , we obtain

B

1
20 < —peo (V0@ + lull+ [ [ et =wrnasan).
2 0 Ja (4.4)

Moreover, by definition, we have L(f)>0 and L(to) < CE(0). Integrating equation (4.4) over [#y, T], we obtain

T 1
/ (HVH (t)||§ + ||ui|\§ + ] / ul(z, t —nr(t)) de dr;) dt
tn 0 Q

TN
< fC'f L'(t)dt
to
< CL(ty) < CE(0).

The above equation is uniform with respect to 7, therefore, we obtain

+00
/ <||V1/(7‘ | —||l/,|| —/ / r,t—n7( )l/.l'l/l/) dt < CE(0).
0

Furthermore, by the properties of double integrals, we can obtain

+co i +oo
f f gt —s)[|[Vu(t) — Vu(s erfw',‘ < C / HV”M‘” < C'E(0).
0 0 0

We note Remark 2.2, which implies that the energy E(t) of the solution to system (1.1) is integrable, that is
00
E(t)dt < CE(0).
0 (4.5)
Since E'(t) <0, by the fundamental properties of integration, we can obtain
E(t) <CEQ)(t+ 1)1 t>0. (4.6)

Furthermore, by Hdder inequality, we know that
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A5 < / (5) // (t—s)|Vu(s) — Vu(t )| ds dr
< [
0

< (g o Vu)(t).
Thus, using the above expression along with equation (3.13) and Remark 2.2 we obtain that

— Vu(t ||2 ds

L'(t) € —e¢ (H“tuz + HVuHQ / / x, b —nr(t))drdny+ (g o Vu)(t ))
+<{+60)( o Vu)(t), t>t (4.7)
holds.
Additionally, by Lemma 3.4, we know that

1
L(t) ~ E(t) ~ Hu,”i + HVH”j + (g o Vu)(t)+ / [ Hf[i',?‘ —nr(t)) dedy.

JO
Therefore, from (4.7), we have, for some &, Cs> 0,
L'(t) < —&L(t)+ Cs (g o Vu)(t), t>tg. 43)

4.1 Case 1: Exponential Decay

If p = 1, from condition (H1), we know that &(t)g(t) <—g'(t). Therefore, multiplying both sides of equation (4.8)
by &(t), and noting that &(t) is monotonic and non-increasing &'(t) <0, we obtain

(L) < &HL(t)
< —Rg(t)L(t) + (s;g o Vu) (1)
< —RENL(E) + Cs (=g o Vu) (1)
< =& f)L(f)—?( E'(t), t=>t. (4.9)

Let R(t) = &t)L(t) + 2CsE(1). Itis easy to see that R(t) ~ E(t) ~ L(t). Therefore, from (4.9), there exists a constant
€1 > 0 such that

R'(t) < —ad®)R(t), t > 1.

By solving the above differential inequality and noting that R(t) ~ E(t). Thus, the exponential decay result in
Equation (2.2) is established.

4.2 Case 2: Polynomial Decay

If 1 <p <2, Since E(t) is integrable (as proven above in equations (4.5) and (4.6)), we know that || Fu(t)|l is also
integrable. Again, by applying H&der inequality, we obtain

¢
/ (t—s)|[Vu(s) — Vu(t H2 ds

1o/t _ ®
< (f |Vu(s) — Vu(t)|3 (1’5) (f gP(t — s) | Vu(s) — Vu(t)|2 ds)
0
e t _ B
< ( f ([|Vu(s)) |3+ ||Vu(t)|\§) d..:u) (f g (t — s) | Vu(s) — Vu(t)H.j (ls)
0
< C((¢" o Vu) ()7

Additionally, by Lemma 3.4, we know that

1
L(t) ~ E(t) ~ |Jul3 + | Vuls + (g o Vu)(t)+ ]f (., t —nr(t)) da dn.
1] Q

Therefore, inequality (4.8) becomes: for some €;,Cs > 0,
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L) < —2L(t) + Co (g7 0 Vu) ()7, 1> 1o

holds.

Multiplying both sides of the above equation by LP~%(t) and applying Young’s inequality, we can transform the
above inequality as follows to simplify energy estimation.

1

SIPW) <RI + GO (6 0 V) (1)

< —RLM(t) + L () + C(&) (¢ 0 Vu) (¢)

< ~SLP(t) + C@) (9P 0 Vu) (1), t > 1o,

Imilar to Case 1, multiplying both sides by &(t), we obtain
(EOL0) £ —FpEWL) +pC(&) (€97 0 Vu) (1)
< —DpEOIP() +pC () (—g 0 Vi) (1)

—IpE(t) L () = C&) (). L2 o

Let R(t) = &t)LP(t)+2pC(&)E(t), then R(t) ~L(t) ~E(t). Therefore, there exists a constant €, > 0 such that

R(t) < —ef(R¥(t). t>1
By solving the above differential inequality and noting that R(t)~E(t). Thus, the polynomial decay result in
Equation (2.3) is established.

5. Application

The relaxation function of the viscoelastic damping term plays a key role in the modeling and analysis of
viscoelastic materials. It describes how the material exhibits different stress and strain characteristics over time
under external forces, particularly in terms of time delay and energy dissipation behavior. By properly modeling
and utilizing the relaxation function, we can better understand and predict how viscoelastic materials respond

to various mechanical stimuli in real-world engineering applications, and effectively control and optimize the
system’s dynamic response and damping properties. Future research could explore nonlinear relaxation functions
or coupled systems. In this section, we apply the conclusion of Theorem 2.4 to provide specific decay rate forms
for the three relaxation function examples given in section 2. These decay estimates can be applied to design
materials with optimized energy dissipation properties. In practical applications, we can set the corresponding
parameters based on the material’s inherent properties to better predict its energy dissipation behavior.

For the kernel function in Example 1, we have the system energy E(t) exhibits an exponential decay rate.
Proof. According to the conditions of the relaxation function (H1), we have

l—] le7tdt=1—-(1=1)=1>0, §'(t)=—g(t).
0

According to equation (4.8), we have

L'(t) < —&L(t)+Cs(g o Vu)(t).
and
(EBL(t) < &)L(t)
< —RE)L(t) + Cs (Eg o Vu) (1)
< —REL() + Cs (=g o Vu) (1)
< —RE()L(L) — 2G5 E'(t).
Therefore,

SOL) +25E W] < —w&nLE)
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and
R'(t) < —Ci&(1)R(1).

tBl(S) t .
Is < —C=ds
fo Ris) " = ./0 T

R(t) < R(0)e

Integrating the function R(t), we obtain

After simple calculus operations, we can conclude that, for the kernel function in Example 1, the system energy
exhibits an exponential decay rate.

From Theorem 2.4 we can conclude that the energy E(t) have a polynomial decay rate for the kernel function in
Example 2.

Proof. According to the conditions of the relaxation function (H1), we have

gm):(l—z)z:,u_l—f(}' %dr:l—(l—z):bn.

141

g(t)= *H—ly(ﬂ-

Therefore, we know that &(t) = :T+i Based on equation (4.8) and Example 1, we have
1+1

R(t) < —Cy——R(1).

() < ~Co 7R

By integrating and calculating the function R(t) over the interval from 0 to t, we have

"R(s) 4D
/0 R ™S [)_ﬁd"’
R(t) < R(0)(t+ 1)"01+DC,

After simple calculus operations, we can conclude that the kernel function in Example 2 leads to a polynomial
decay rate for the system energy.

According to Theorem 2.4, we proceed to prove and derive the uniform decay result in (2.3) for the kernel function
in Example 3.

Proof. According to the conditions of the relaxation function (H1), we have

g(0)=Cp >0, 1— f C‘loe_k*pfl dt=1—(1-0)=1>0,
0

Cipk(p —1
iy < ~Cokr=1)
=10

P7267(1).

According to equation (4.8), we have

L'(t) < —ZL(t)+ Cs((g? o Vu) (1))7

[A

1 / € ]
JLP0) € —SLP(0) + Ca (o 0 Vi) (1),

(E(t)LP(t))

—SRE( LI (1) = 2C (&) (1)

[A

[E(t) L (t) + 2pC (&) E(1)]

IA

~Ope(n) 12(1)

Let R(t) = &(t)LP(t) + 2pC(Zo)E(t). Then, R(t) ~L(t) ~E(t), we obtain
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4 _ﬁﬂ(s) - \/13 . . N
— s < —pCaé(s) ds
fo RP(S)( s PC13E(s) ¢

1 1 t )
B = + = < ] —pCh3é(s)ds
(p—1)RP=Y(t)  (p— 1)Rr=1(0) 0
1 £ 1
———+ [ pC1é(s)ds < ———m——
(p— 1)Rr=1(0) 0 (p— 1)Rr—1(1)
Rl < : L
ToDRI0) + fo pCh3é(s) ds
B 1
R(t) < : T
(m +(p—1) f, pC13&(s) ds) g
1
< ) g
t CoCrak(p—1) o, o 5 \ 7=
(ﬁp,ll(m + fO 10 gfgp sP 2(?.5)

Thus, we have derived the polynomial decay result for the system’s energy, as predicted by our earlier analysis,
and this completes the proof.
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